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1 Introduction

The summability of divergent series was studied by various researchers like Cesaro, Norlund,
Hardy, etc. But in 1948, it was | Lorentz (1948) who first gave the idea of weak limit which further
defined the concept of Almost Convergence and these summability methods are of three types -
ordinary, absolute and strong. Following the similar lines, almost convergence of sequences are
also of three types:

1. Strongly almost convergence
2. Absolutely almost convergence
3. Almost convergence

These concepts of strong and absolutely almost convergence were discussed in |Das et al.| (1984);
King| (1966); Maddox! (1978). The error of approximation of functions belonging to the Lipschitz
class of the form Lipc, Lip(p(t),r) and W (L, p(t)) using single and double summability was
studied by various researchers Khan! (1973); Nigam & Sharma/ (2011alb)); |Qureshi (1982). Later,
literature flooded on the study of these Lipschitz classes using almost convergence specifically
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by almost Riesz means of its Fourier series by several mathematicians like Mishra et al.| (2014),
Deepmala & Piscoran| (2016), |Qureshi| (1982), [Sharma & Qureshi (2020) and Sharma (2020).
This motivated us to study the error of approximation of function in Lip(p(t), r) class via almost
(N, pr, qr) means which in turn generalizes the study of Krasniqi (2015) for more general class.

Let h be a periodic function with period 27 and integrable in the sense of Lebesgue in the
range 0 < x < 2x. The trigonometric Fourier series of the function h is given by

o0
a . o
h ~ ?0 + g 1 (a; cosix + b, sinix) (1)
1=

with 4, (h; z) which is the (k-+1)" partial sum also known as trigonometric polynomial of Fourier
series.

Let {t1} be the sequence of partial sum corresponding to the infinite series > 2, x). Let
p={p,} and ¢ = {q,} be two given sequences defined as

Py, =po+p1+... +pi; Py =p_1=0,

Q.=q+qa+..+aq;Q-1=9g-1=0,

and their convolution Ry is defined as

k
Ry =(p*q), = Zpkfuq,, so that Ry # 0, Vk. (2)

v=0

Firstly, we try to establish some of the basics and important definitions which will be used in
this paper.

1.1 Definition

A sequence {z}} is said to be almost convergent to a finite number s if Lorentz| (1948))

k+j
lim s;; = lim x,, = s uniformly with respect to 7.
k—o0 ko k—oomn + 1 #z_:j » yw P J

1.2 Definition

The Fourier series of the function A is said to be almost Norlund summable to a finite limit
s Borwein| (1958)) if

k
1
N,f:j‘? == Zpk—quSz/,j — s,ask — oo, (3)
k v=0
uniformly with respect to j, where
1
Svi = Z Sp- (4)
p=j

Almost generalized Norlund method is said to be regular if Z],j:o Ipk—vqy| = O (|Rg|) and
Pr—y = 0 (Ry) as k — oo, for every fixed v > 0, (Hardyl |1949).

Remark: A few particular cases of generalized Norlund method are given below:

1. (N,p,,qxr) method is converted in to (N,p,) if ¢; = 1; Vk.
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2. (N,p,,qr) method is converted to Riesz method i.e. (N, qk) if pp =1; Vk.

3. Taking pr = ( k;_ﬁl_l

(C, ).

> , B> 0, then this method is reduced into Cesaro method i.e.

4. Again taking py = %ﬂ in Norlund method,it will be reduced to (N , ﬁ) i.e. Harmonic

mean.

Now we define the RBVS and HBVS (Leindler} 2001)) as follows:

1.3 Definition

Let consider a sequence of positive numbers having only finite non-zero terms i.e. b = {by},
then it is known as head bounded variation sequence if

k—1
> " |br = brya| < A(b) by, for allk € Nork <N (5)
r=0

and by is the last non-zero term of the sequence {by}.

1.4 Definition

A sequence b = {b;} is known as rest bounded variation sequence if
> " [byr = byya]| < A(b) by, for allk € N, (6)
r=~k

where A (b) is a constant which depends only on b. RBVS is more general than that of monotone
sequences (Zhou et al., 2010).

Now we state the Holder’s inequality for integrals which is given by
1 1
lghlly = llgll, 1A, for Stg=1r2l

where g and h are continuous functions on [a,b]. Here [|g]|,, is defined as

b 1/p
|mu=(/|wmwm) 1<p<oc

We say a function h belongs to the class Lipa if |h(z+t) — h(z)] = O ([¢|*), for 0 < a < 1
and h € Lip (a,r) (r > 1) -class, if
1
{fj Ih (2 +t) — h,(x)vd:c}’“ —O(t]*),a<z<b 0<a<1 (McFadden, [1978).
For a <z <b,0 < a<1, wesay a function h belongs to Lip (p (t),r)(r > 1)-class if

{lﬂMw+w—mwrw}i=0@@».

It is easy to see that Lip (p (t),r) = Lip («,r) if we take p (t) = [t|* and also Lip (a,7) = Lipa
class if  — oco. Hence Lip (p (t),r) class is more general class.

1

For a function h : R — R, the L,-norm of h is ||h]|, = (fo% |h (z)|" dx); , 7> 1, and the Loo-

norm is [|h||_ = supgepaq {|h (z)| : 7 € R}.
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Let ¢ (z) and & (z) both be integrable in [a,b] and & (z) is monotonic in the given range. Then,
3 7 € (a,b) such that

/ab¢(x)§($)dw:§(a)/aT¢(m)dm+§(b)/Tb¢($)dx_

The above theorem is known as second mean value theorem for integrals.

The error of approximation Ey(h) of a function A : R — R by trigonometric polynomial ¢ (z) is
defined by
Ey (h) = [ltr — Pl » (7)

where E,, (h) is defined under sup norm ||.||, (Zugmund, 1968) and E,, (k) = miny ||t, — k||, if
h € L". This method of approximation is Trigonometric Fourier Approximation (TFA).

2 Known Theorem

Krasniqi (2015) proved the following theorem:

Theorem 1. Let h: R — R be a 2w periodic function, Lebesgue integrable and belonging to the
Lip (a,7), (r > 1) class and let (p) € HBV'S and (qx) € RBV'S, then the degree of approxima-
tion of the function hby almost generalized Norlund means of its Fourier series ti’g (h(t);x) is
given
1 —
|n -t mwya)| =o(r/) .,

provided v (t) satisfies the following conditions
1/r

[/OW/RIC <t|7’i)a(t)|>rdt] =0 (R, (8)
[ /ﬂ ij (té ’tw (t”)T dt] " o (RY). (9)

where § is a finite quantity, and r + s =rs for 1 <r < oco.

3 Main Theorem

In this present work, we prove the following theorem:

Theorem 2. Let h : R — R be a 2w-periodic function (Lebesgue integrable) belonging to
Lip(p(t),r) (r > 1)-class and let p = {pn} and q¢ = {g,} are HBVS and RBVS respectively.
Then the error of approximation of h via almost (N, pk,qx) means of its Fourier series 18

gilven
1 r
HN,f”J‘? - hH —0 <p <Rk> RY > VE, (10)

where p(t) is increasing function and satisfies the following conditions:

p(t)
t

is decreasing function in t; (11)

Uﬁm<ﬂﬁyy“rﬁ_om?* (12)
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7 5 r 1/r
[/w/Rk <tp|(1i>(t)|> dt] =0 (1), (13)

where N,f’g is almost Nérlund means defined in equation , 0 1s an arbitrary number, and
r+s=rs, 1 <r <oo and the equations (@ and hold uniformly in x.

Proof. Following [Titchmarsh (1939) and using Riemann-Lebesgue theorem, the partial sums
s,.; (h(t);x) is given by

cospt —cos (i +p+1)

s, (h(t);z) = 27r(11+1)/0 ¥ (t) 2sin? L dt.
)

Therefore using Ny ’;? (h(t);z) for almost generalized Nérlund means of s, . (h (t);x); we have

p,q
e =

k
Rik ;Pkaﬂ' {sk,j (h(t);z)—h (t)}‘

dt

k .
1 " Piqr—i cospt —cos(i+p+1)
< t .
_%Rk/o |¢()|‘; 1 ron? I

. k )
1 e [T Pig—i cospt — cos (i +p+ 1)
< + t :
<o (/ /) 45 ( >|‘§ = ol
k i=

- (/f’w/;)w(t)«

M pigeisin (i +2p+1) Lsin(i+1) %
. 3¢

it 1 sin” 5

=1+ 1> (suppose) (14)

dt

dt

In order to evaluate I; consider

™

e k . t i (s t
1 gr._.,sin(¢+2p+1)s.sin(t+1) =2

) < / w)r‘ pigi—i s (i +2p+ 1) §osin(i+ 1) §|
0 i=0

2w Ry 141 sin? %
Using Hélder’s inequality, v (t) € Lip (p(t),r) - class and the inequality
|sinkt| < klsint|; Vte R, ke N (15)

we have

i e ([ (20 )
( / (p(t)
0 t

N pign_i sin (i +2p + 1) Lsin(i+1)%

. -2 ¢
1+ 1 L
= + sin” 5

= O (R;?) /ORT (pf)
k

<
=0 (R?) ( /0 (ljt(t) 2 v,
(

s 1/s

- piqr—i (i+1)sin(i+2p+1) &

2
= k+1 sin 5

1/s

) dt) , using equation

s 1/s
- . .t t
) dt) , using inequality (sm 2) <—, 0<t<< 7
s

1/s

=0
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In view of p(t) is increasing function in ¢, applying second mean value theorem for integrals,

one obtains

s 1/s
= O (R < lim [ 2t
k €—=0 J¢
211\ B
_ 1 t °
:O<Rklp<k>> —2+1
*/ e
1 _1
~o(m'e () %)
1 1
:(9<R,;p<Rk)) sincer +s=rs; 1 <r < oo. (16)

Furthermore, considering I and applying Hélder’s inequality, one gets

L et wen L\
1= 5em, (/( (0 )dt> -
</ (p(t) e sin (i +2p+ 1) b.sin (i + 1) 4
w \ t9

s 1/s
) ) dt> |
Ry

t+1 sin %
Again using the fact that ¢ (t) € Lip (p (t),r), conditions and and inequality (sin §) <
%, 0<t<m we get

L] < O(R™) ( (5%
—(9<R5 1)/R <t6+ z; .

By the hypothesis, {p;} is a head bounded variation sequence, therefore by , we obtain

=0

1/s

iy . g t\°
];‘_1:11 (g—|—1)sm(z—|—2p+1)2‘> dt)

1/s
) , since [sint| <1 (17)

k-1
Pm — Pk < |pm — Pl < Z Ipi — pi+1l

< X (p) pk
Pm <A (D) pe + 2k = (A (p) + 1) pi, Ym € [0, k).

Also, using equation (6)) as {gx} is RBVS, we get

qk—m < A (Q) gk, Vm € [07 k]

From the above equations, we obtain

k
Z‘pZQk 1| SZ( ( )+1)pk)\(Q) qk (18)
i=0
Since Ry, = Zz]f:() PL—uqy, thus we obtain
(A (P) + 1) prA (@) 1 = O (Ry) (19)
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Using above equation in , we get

=o(m) ([ (22) )

From this taking ¢ = i = dt = —ﬁd,u,

s /s
=0 (RY) /R”k (i) dp 1.

1.6 2
5 ut .
o) | o(£)
In view of 2 +~ is a decreasing function, we have —{* as increasing. Therefore using the second
mean value theorem for integrals, we get '
1 = /
=0 (Ri. Ry p (k)> (/1 ,u552d,u>
1 M,(;,l %
=0 (R p(5)). -
‘ Ry, -5/,

-olo() )

Combining , and , one can get the required result.

o0 o) %)

4 Consequences

Error analysis of functions has become a varied field of research in recent years. The well
known theorem of Weierstrass which is known as Weierstrass approximation theorem is the
root of approximation theory. Approximation theory has been a major thrust of research with
numerous applications in various fields via summability methods through trigonometric Fourier
approximation. One of the important application of approximation theory via summability
methods is improving the quality of digital filters and can be seen in the work of |Psarakis &
Moustakides) (1997)).

Two important corollaries can be deduced from our main result:

Corollary 1. If take p(t) =t%,0 < o < 1, in main result, then h € Lip(a,r) and

-+ 1
NP - =0 {Rk }
which is the result of Krasniqi (2015).

Corollary 2. If p(t) =t*,0< a < 1, and r — oo, then h € Lipa and

NP~ 0| = 0 {Ri )
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Remark 1: Both the above corollaries are true for almost (IV, p, gx) means.

Remark 2: Theorem [2l may be used in signal processing to analyze the behaviour of input
data and changes in the process and through which the output can be made stable and bounded.

5 Conclusion

In this present work, the error of approximation of function in Lipschitz class by almost general-
ized Norlund means using the method of HBVS and RBVS has been explained. This motivates
the engineers, investigators working in the field of approximation theory and that are interested
in the study of function through trigonometric polynomial. Validation of the Theorem [2|is done
by corollary [If which is the result established by Krasniqi| (2015), hence a particular case of
Theorem The result obtained in this paper is more general than reported in the literature,
thus enrich the literature of the field. Our result can be extended or generalized for weighted
Lipschitz and zygmund classes in future.
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